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Abstract
The topological geometrical categories form a special class of topological categories over Set
and a special class of concrete geometrical categories. They are described in an abstract way
with their morphisms forming a complete regular legitimate category TGC. They are proved
to be precisely the categories of a1ne sets over a 2xed algebra for a many-sorted in2nitary
algebraic theory. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 18B99; 18F99; 18C99
0. Introduction
We aim at a classi2cation of concrete geometrical categories, that is, of categories
whose objects are sets equipped with a geometrical structure, which should be called
geometrical sets, and whose morphisms are maps preserving the geometrical structure.
We have in mind categories of a1ne spaces, a1ne algebraic sets, projective spaces,
projective algebraic sets, semi-algebraic sets, diophantian sets, measurable spaces, topo-
logical spaces, closure spaces, di=erential manifolds, etc.
We shall exploit the old idea that a geometrical set is a geometrical locus of points
de2nable by coordinates. We shall not choose any peculiar system of coordinates on
a geometrical set X but take all possible coordinates on X , and this will be the ba-
sic datum on X . Thus, a geometrical set will be a set X equipped with a set A(X )
of coordinate functions on X , submitted to conditions under which points are deter-
mined by their coordinates, and coherent systems of coordinates de2ne points. The
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main assumption is that A(X ) is an algebra. We do not know how restrictive this
assumption is; indeed, one must keep in mind that there are many possible alge-
bras for many possible algebraic theories, that we allow many-sorted algebraic the-
ories, with operations of in2nite arities, that the algebraic theory and the algebra
we use are not uniquely determined, that we can always take an algebraic theory
generated by a set of operations and an algebra generated by a set of coordinate
functions, etc.
Surprisingly, it turns out that the mere datum of an algebra of coordinate functions on
a set X without any condition, already provides a geometrical structure on X . At this
point, we need many-sorted in2nitary algebraic theories. The geometrical structures
which rise in this way are of a special kind and give rise to concrete geometrical
categories of a special kind, called topological geometrical categories. These categories
are not only the 2rst examples of concrete geometrical categories, but also the basic
examples of such categories, since any concrete geometrical category can be fully and
reCectively embedded into a topological geometrical one.
Here is an abstract description of topological geometrical categories with their mor-
phisms forming a complete regular legitimate category TGC. The concrete geometrical
categories built up with 1-sorted algebraic theories have been introduced in [4], and
the more general ones built up with many-sorted algebraic theories will be described
in a subsequent paper.
1. Review of many-sorted algebras
Let I be a set whose elements are called sorts. For any i∈ I , the family of car-
dinals (ij)j∈I de2ned by ii =1 and ij =0 for i = j will be identi2ed with i. An
I -sorted algebraic theory is a category T whose objects are the families of cardi-
nals indexed by I such that the object (ni)i∈I is the product
∏
i∈I i
ni . A morphism
(ni)i∈I → (mi)i∈I of T is called an operation of type ((ni)i∈I ; (mi)i∈I ) of T. A
T-algebra is a pair ((Ai)i∈I ;A) of a family of sets (Ai)i∈I and a product preserv-
ing functor A :T → Set such that A(i)=Ai for any i∈ I . A T-morphism from a
T-algebra ((Ai)i∈I ;A) to a T-algebra ((Bi)i∈I ;B) is a family of maps (fi :Ai →
Bi)i∈I such that the family (
∏
i∈I f
ni
i :
∏
i∈I A
ni
i →
∏
i∈I B
ni
i )(ni)i∈I ∈Obj(T) is a
natural transformation from A to B. The category Alg(T) has the T-algebras as
objects and the T-morphisms as morphisms. The forgetful functor UT :Alg(T) →
SetI forgets the algebraic structure and is monadic [7]. As usual, a T-algebra is
simply denoted by A=(Ai)i∈I , the value A(!) by A(!), and a T-morphism by
f=(fi)i∈I :A→ B.
2. Ane sets
Let T be an I -sorted algebraic theory and L a 2xed T-algebra.
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Denition 2.1. An a8ne set over L is a set X equipped with a T-subalgebra A(X ) of
the power T-algebra LX , called the coordinate algebra of X .
If L=(Li)i∈I , then A(X ) is a family of sets (Ai(X ))i∈I such that, for any i∈ I , Ai(X )
is a set of maps X → Li called coordinate functions of sort i on X , such that, for any
operation ! : (ni)i∈I → j of T and any family of coordinate functions (uik) indexed by
(i; k)∈∐i∈I ni, element of
∏
i∈I Ai(X )
ni , we have L(!)((uik))∈Aj(X ).
Denition 2.2. The category AfSet(L) has the a1ne sets over L as objects and, as
morphisms from (X; A(X )) to (Y; A(Y )), the maps f :X → Y such that vf∈Ai(X ) for
any i∈ I and v∈Ai(Y ).
2.3. Examples. For any family of cardinals (ni)i∈I , the set E=
∏
i∈I L
ni
i is an a1ne
set over L whose coordinate functions of sort j∈ I are the values of the operations of
type ((ni)i∈I ; j) of T on L, that is, A(E)= (Aj(E))j∈I , where Aj(E) is the set of maps
of the form L(!) :
∏
i∈I L
ni
i → Lj, where ! : (ni)i∈I → j is some operation of T of
type ((ni)i∈I ; j). This a1ne set E is called the canonical a8ne space of type (ni)i∈I
over L and any a1ne set over L that is isomorphic to E is called an a8ne space of
type (ni)i∈I over L. In particular, Lj =
∏
i∈I L
ij
i is the canonical a8ne line of sort j
over L and any isomorphic a1ne set is an a8ne line of sort j over L.
Theorem 2.4. AfSet(L) is a topological category over Set.
Proof. The obvious forgetful functor UL :AfSet(L) → Set makes AfSet(L) a con-
crete category over Set. Let f :X → Y be an isomorphism of AfSet(L) such that
UL(f) is the identity of UL(X ). Then UL(X )=UL(Y ) and, for any v∈Ai(Y ), we have
v= vf∈Ai(X ), hence, Ai(Y ) ⊂ Ai(X ). Since f−1 :Y → X is also an isomorphism such
that UL(f−1) is an identity, we also have Ai(X ) ⊂ Ai(Y ). Thence, Ai(X )=Ai(Y ) for
any i∈ I , and f=1X . As a result, the functor UL is amnestic [1, De2nition 5:4].
Let (X)∈ be a possibly large family of objects of AfSet(L) and (f :X →
X )∈ a family of maps. For any i∈ I , let Ai(X )= {u∈LXi : ∀∈; uf ∈Ai(X)}
and A(X )= (Ai(X ))i∈I . Then A(X ) is a T-subalgebra of LX , meet of the inverse im-
ages by the T-morphisms Lf :LX → LX of the T-subalgebras A(X) of LX . We get
an object (X; A(X )) of AfSet(L) together with a family of morphisms (f :X →
X )∈. For any family of morphisms (g :X → Y )∈ of AfSet(L) and any map
g :X → Y such that gf = g for any ∈, we have for any i∈ I , v∈Ai(Y ) and ∈,
vgf = vg ∈Ai(X), hence, vg∈Ai(X ) and g :X → Y is a morphism of AfSet(L).
Consequently, (f :X → X )∈ is a 2nal family of morphisms. According to [1,
Proposition 21:5], the functor UL is topological and according to [1, 21.9], there are
initial structures with respect to UL. The initial structure on a set X de2ned by a
family of objects (X)∈ and a family of morphisms (f :X → X)∈ is de2ned by
the coordinate subalgebra A(X ) of LX generated by the family of subsets (Bi)i∈I of
(LXi )i∈I , where Bi = {uf: ∈ and u∈Ai(X)}.
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Corollary 2.5. The concrete category AfSet(L) is concretely complete and cocom-
plete and its forgetful functor lifts isomorphisms uniquely; has a full and faithful left
adjoint called the discrete functor; and a full and faithful right adjoint called the
indiscrete functor.
Proof. Follows from [1, Corollaries 21:17, 21:18].
3. Topological geometrical categories
Let X be a concrete category. Following [1, De2nition 21:32], a set S of objects of
X is said to be initially dense in X provided that, for any object X of X, the family of
all morphisms f :X → S with S ∈S is initial. Following [1, De2nition 9:22], an object
X of X is called initially injective provided that the map HomX(f; X ) is surjective for
any initial morphism f of X.
Denition 3.1. A topological geometrical category is a concrete category over Set
which is topological and has an initially dense set of initially injective objects.
Theorem 3.2. AfSet(L) is a topological geometrical category.
Proof. It is a topological category over Set according to Theorem 2.4. Let Li be the
a1ne line of sort i∈ I and X any object of AfSet(L). Any morphism u :X → Li
in AfSet(L) is an element of Ai(X ) since 1Li ∈Ai(Li) implies u=1Liu∈Ai(X ). Con-
versely, any u∈Ai(X ) is a morphism X → Li of AfSet(L) since any v∈Aj(Li) is
of the form v=L(!), where ! : i → j is a morphism in T, and thus, vu=L(!)u=
L(!)(u)∈Aj(X ). As a result, HomAfSet(L)(X; Li)=Ai(X ). Then, according to the de-
scription of initial structures given in the proof of Theorem 2.4, it follows that the
a1ne lines Li are initially injective and form an initially dense set of objects of
AfSet(L).
Theorem 3.3. Any topological geometrical category is concretely isomorphic to some
concrete category AfSet(L) for some T-algebra L for some I -sorted algebraic theory
T for some set I .
Proof. (a) Let (X; U ) be a topological geometrical category and (Xi)i∈I an initially
dense small family of initially injective objects of X. Let Card be the category
of cardinals and maps and E : (CardI )op → X the exponential functor de2ned by
E((ni)i∈I )=
∏
i∈I X
ni
i and E((fi)i∈I )=
∏
i∈I X
fi
i . According to [10, 21.2.1], the func-
tor E factors in the form E=LT, where, T : (CardI )op → T is the identity on
objects, L :T → X is full and faithful, and T is called the full image of E. The
functors T and L preserve products since E does it. Thus, T is an I -sorted alge-
braic theory and the product preserving functor UL :T → Set de2nes a T-algebra
L=(Li)i∈I =(UL(i))i∈I =(U (Xi))i∈I .
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(b) Let X be an object of X. The natural transformation # :HomX(X;−) → UU (X )
de2ned by #Y (f)=U (f) has a pointwise image denoted by A. Since the func-
tors HomX(X;−) and UU (X ) preserve products, A preserves products and de2nes a
T-subalgebra (A(Xi))i∈I of the T-algebra LU (X ) = (LU (X )i )i∈I , denoted by
A(U (X ))= (Ai(U (X )))i∈I . Then we get an a1ne set (U (X ); A(U (X ))) over L.
Moreover, if f :X → Y is a morphism of X, the map U (f) :U (X ) → U (Y )
is a morphism of a1ne sets (U (X ); A(U (X ))) → (U (Y ); A(U (Y ))) since, for
any v∈Ai(U (Y )), there exists a morphism g :Y → Xi such that U (g)= v;
hence, vU (f)=U (g)U (f)=U (gf)∈Ai(U (X )). In this way, we get a concrete
comparison functor $ :X → AfSet(L) de2ned by $(X )= (U (X ); A(U (X ))) and
$(f)=U (f).
(c) Let us prove that $ is full. Let X; Y be objects of X and g :U (Y ) → U (X )
a morphism of AfSet(L). For any morphism u :X → Xi (i∈ I) of X, we have
U (u)∈Ai(U (X )); thus, U (u)g∈Ai(U (Y )), hence, U (u)g :U (Y ) → Li is of the form
U (h) for some morphism h :Y → Xi of X. Since the family of morphisms X →
Xi (i∈ I) is initial in X, there is some morphism f :Y → X of X such that U (f)= g,
hence $(f)= g. So $ is full.
(d) Let us prove that $ preserves products of objects Xi (i∈ I), i.e. for any family of
cardinals (ni)i∈I , we have $(
∏
i∈I X
ni
i )=
∏
i∈I L
ni
i . Let X =
∏
i∈I X
ni
i , pin :X → Xi be
the projection of index (i; n)∈∐i∈I ni, and u∈Ai(U (X )). There exists some morphism
f :X → Xi of X such that U (f)= u, hence, some morphism ! : (ni)i∈I → i of T such
that L(!)=f. Then we have u=UL(!)=L(!)=LU (X )(!) (1U (X )). It implies that
the T-algebra A(U (X )) is generated by {vpin: (i; n)∈
∐
i∈I ni; j∈ I and v∈Aj(Li)},
hence, the family of projections (pin) is initial in AfSet(L) and thus $(X )=
∏
i∈I L
ni
i
in AfSet(L).
(e) Let us prove that $ preserves initial morphisms. Let f :X → Y be an initial
morphism of X and u∈A(U (X )). There exists a morphism g :X → Xi of X such
that vU (g)= u and since Xi is initially injective, there is some morphism h :Y → Xi
such that hf= g. Then the morphism v=U (h)∈A(U (Y )) is such that vU (f)=U (hf)
=U (g)= u. Therefore, the morphism $(f) :$(X )→ $(Y ) is initial.
(f) Let us prove that $ is surjective. Let (Y; A(Y )) be an object of AfSet(L). Let
J =
∐
i∈I Ai(Y ) and ( Iu :X → Xi)(i; u)∈J be the initial lift in X of the family of maps
(u :Y → Li)(i; u)∈J . Then the morphism f=( Iu)(i; u)∈J :X →
∏
i∈I X
Ai(X )
i is initial in X
and, according to (d) and (e), the morphism $(f)= (u)(i; u)∈J :$(X ) →
∏
i∈I L
Ai(X )
i
is initial in AfSet(L). However this morphism has the same underlying map as the
initial morphism (u)(i; u)∈J :Y →
∏
i∈I L
Ai(X )
i . Thus $(X )=Y .
(g) As a result, $ is a concrete isomorphism of categories.
Theorem 3.4. If (X; U ) is a topological geometrical category; (Xi)i∈I an initially
dense small family of initially injective objects of X; T0 the I -sorted algebraic theory
of operations on (Xi)i∈I in X; and T any I -sorted algebraic theory having T0 as a
surjective quotient; then the T-algebra L=(U (Xi))i∈I is such that X is concretely
isomorphic to the category AfSet(L).
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Proof. This theorem is just a more precise statement of Theorem 3.3, which follows
from its proof.
4. The category of topological geometrical categories
Denition 4.1. A morphism of topological geometrical categories is a concrete functor
F :X → Y between two topological geometrical categories which preserves initial
morphisms and 2nal families of morphisms.
Proposition 4.2. The topological geometrical categories and their morphisms form a
legitimate category TGC.
Proof. It is enough to prove that the class M of morphisms F :X → Y between
two topological geometrical categories X and Y is a set. According to the Galois
Correspondence Theorem [1, 21.24], there is an injection g :M→N from M to the
class N of initiality preserving concrete functors Y → X. Let (Yi)i∈I be an initially
dense small family of initially injective objects of Y. The category X is 2bre-small
since it is concretely isomorphic to some category AfSet(L) (Theorem 3.3) which
is obviously 2bre-small. Therefore, the class X of objects of X whose underlying set
is of the form V (Yi) (i∈ I) is a set, where V denotes the forgetful functor of Y.
Let us prove that the map f :N → XI de2ned by f(G)= (G(Yi))i∈I is injective. If
G;G′ ∈N are such that f(G)=f(G′), then for any object Y of Y, the family of
morphisms of the form u :Y → Yi (i∈ I) is initial in Y; thus, both the families of
morphisms G(u) :G(Y ) → G(Yi) (i∈ I) and G′(u) :G′(Y ) → G′(Yi) (i∈ I) are initial
in X, have the same underlying family and codomains and hence, are identical, so that
G(Y )=G′(Y ). Therefore, N and M are sets.
Denition 4.3. A topological geometrical subcategory of a topological geometrical
category X is a full subcategory Y of X which is 2nally closed [1, De2nition 21:29]
such that for any object Y of Y and any initial morphism f :X → Y of X the object
X belongs to Y.
Proposition 4.4. A topological geometrical subcategory is a topological geometrical
category and its insertion is a morphism of topological geometrical categories.
Proof. Let Y be a topological geometrical subcategory of X. According to [1, Propo-
sitions 21:24, 21:30, and 21:31], Y is concrete over Set, it is topological and con-
cretely coreCective in X with an initiality preserving coreCector G. Moreover, the
insertion functor J :Y → X preserves initial morphisms and 2nal families of mor-
phisms. Let (Xi)i∈I be an initially dense small family of initially injective objects of X
and (Yi)i∈I =(G(Xi))i∈I . Each object Yi is initially injective in Y since for any initial
morphism f in Y, the map HomY(f; Yi)=HomX(J (f); Xi) is surjective. Moreover,
the family (Yi)i∈I is initially dense in Y since, for any object Y of Y, the family of
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morphisms of the form f :Y → Xi (i∈ I) is initial in X; hence, the family of mor-
phisms G(f) :Y → Yi (i∈ I) is initial in Y. As a result, J :Y→ X is a morphism of
topological geometrical categories.
Theorem 4.5. The category TGC is complete and regular.
Proof. (a) Let (X; U)∈ be a small family of topological geometrical categories.
Let X be the category whose objects are the pairs (X; (X)∈) of a set X and an
object (X)∈ of
∏
∈ X such that U(X)=X for any ∈, and whose mor-
phisms (X; (X)∈) → (Y; (Y)∈) are the maps f :X → Y such that there exists
some morphism (f :X → Y)∈ of
∏
∈ X such that U(f)=f for any ∈.
Equipped with the obvious forgetful functor U , X is a concrete category over Set
easily seen to be topological with pointwise initial and 2nal structures. For any ∈,
let (Xi)i∈I be an initially dense small family of initially injective objects of X and,
assuming that the sets I are pairwise disjoint, let I =
⋃
∈ I. For any i∈ I , let Yi
be the object of X de2ned by Yi =(U+(Xi); (Yi)∈), where i∈ I+, Yi+ =Xi and Yi is
the indiscrete object of X on the set U+(Xi) for any  = +. Let us prove that Yi is
an initially injective object of X. In the category X, let f :(Z; (Z)∈)→ (T; (T)∈)
be an initial morphism and g : (Z; (Z)∈) → Yi any morphism. For any ∈, the
map f lifts to an initial morphism f :Z → T of X and the map g to a morphism
g :Z → Yi of X. For i∈ I+, since Yi+ =Xi is initially injective in X+, there exists
some morphism h+ :T+ → Yi+ of X+ such that h+f+ = g+. For  = +, since Yi is an
indiscrete object of X, the map U+(h+): U+(T+)=U(T) → U+(Yi+)=U(Yi) lifts
to a morphism h :T → Yi of X. It follows that the map h=U+(h+) :T → U+(Xi)
is a morphism (T; (T)∈) → Yi such that hf= g in X. Consequently, the object Yi
is initially injective in X. Moreover, for any object (Z; (Z)∈) of X, the family of
morphisms of X of the form f : (Z; (Z)∈) → Yi (i∈ I) is initial in X because, for
any morphism of the form g :Z+ → Xi (i∈ I+) of X+, the map U+(g) :Z → Yi is a
morphism (Z; (Z)∈)→ Yi of X. As a result, (Yi)i∈I is an initially dense small fam-
ily of initially injective objects of X, so that X is a topological geometrical category
which is easily seen to be the product of (X)∈ in the category TGC.
(b) If (F; F ′) :X Y is a pair of morphisms of topological geometrical categories,
then the equalizer of the functors F and F ′ is a full subcategory E of X which turns
out to be a topological geometrical subcategory of X (De2nition 4.3) easily seen to
be the equalizer of (F; F ′) in the category TGC. Consequently, the category TGC is
complete [7].
(c) Let F :X→ Y be a morphism of TGC from (X; U ) to (Y; V ). Let us prove that
the image of F is a full subcategory of Y. Let X; Y be objects of X and g :F(X )→
F(Y ) a morphism of Y. Let f :X → Y ′ be the 2nal lift in X of the map V (g) :U (X )→
U (Y ), Y ′′=Y ∨ Y ′ in the 2bre of X above U (Y ), f′ :Y ′ → Y ′′ is the insertion
morphism, and h=f′f :X → Y ′′. Then F(f) :F(X ) → F(Y ′) is a 2nal morphism
in Y; thus, F(Y ′)6F(Y ) implies F(Y ′′)=F(Y ∨ Y ′)=F(Y ) ∨ F(Y ′)=F(Y ) in the
2bre of Y above U (Y ), and F(h)=F(f′)F(f)= g. As a result, the image of F is
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a full subcategory I of Y. Since F preserves 2nal families of morphisms and initial
morphisms, I is a topological geometrical subcategory of Y (De2nition 4.3), hence a
topological geometrical category (Proposition 4.4), the insertion functor J : I → Y is
a monomorphism of TGC, and the surjective functor E :X → I induced by F is an
epimorphism of TGC such that JE=F .
(d) It is easy to prove that surjective morphisms of topological geometrical categories
are coequalizers of their kernel pairs and are pullback stable in TGC. As a result, the
category TGC is regular [2].
Corollary 4.6. In the category TGC; subobjects are represented by topological geo-
metrical subcategories and regular quotient objects by surjective morphisms.
5. Examples
5.0. Set. The category of sets is a topological geometrical category whose singleton
object is an initially dense initially injective object de2ning the 1-sorted algebraic theory
of singleton sets and a concrete isomorphism from Set to the category of a1ne sets
over the singleton set 1. It is the terminal object of TGC.
5.1. Sp. The category of spaces Sp has, as objects, the pairs (X; S(X )) of a set
X and a system S(X ) of subsets of X , called a space (cf. [5]) and, as morphisms
from (X; S(X )) to (Y; S(Y )), the maps f :X → Y such that f−1(Z)∈ S(X ) for any
Z ∈ S(Y ) called continuous maps. It is a topological geometrical category whose object
S1 = ({0; 1}; {{1}}) is an initially dense initially injective object de2ning the 1-sorted
algebraic theory of sets and a concrete isomorphism from Sp to the category of a1ne
sets over the set 2= {0; 1}.
5.2. Top. The category of topological spaces is a topological geometrical subcategory
of Sp in which the Sierpinski space S is an initially dense initially injective object
de2ning the 1-sorted algebraic theory of frames [6] and a concrete isomorphism from
Top to the category of a1ne sets over the frame 2= {0; 1}.
5.3. Mes. The category of measurable spaces, Mes has, as objects, the measurable
spaces, i.e. pair (X; B(X )) of a set X and a /-boolean algebra B(X ) of subsets of X , i.e.
a boolean subalgebra of P(X ) closed under countable unions, and has, as morphisms
from (X; B(X )) to (Y; B(Y )), the measurable maps, i.e. the maps, f :X → Y such that
f−1(Z)∈B(X ) whenever Z ∈B(Y ). It is a topological geometrical subcategory of Sp
whose discrete object Sd = {0; 1} is an initially dense initially injective object de2ning
the 1-sorted algebraic theory of /-boolean algebras and a concrete isomorphism from
Mes to the category of a1ne sets over the /-boolean algebra 2.
5.4. PrBoolSp. The category of preboolean spaces PrBoolSp has, as objects, the
pair (X; B(X )) of a set X and a boolean algebra of subsets B(X ) and, as morphisms
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from (X; B(X )) to (Y; B(Y )) the maps f :X → Y such that f−1(Z)∈B(X ) for any
Z ∈B(Y ) (cf. [3]). It is a topological geometrical subcategory of Sp whose discrete
space Sd is an initially dense initially injective object de2ning the 1-sorted algebraic
theory of boolean algebras and a concrete isomorphism from PrBoolSp to the category
of a1ne spaces over the boolean algebra 2.
5.5. Cl. Following [5, Section 2, p. 59] a closure space is a pair (X; C(X )) of a
set X and a set C(X ) of subsets of X closed under arbitrary intersections, and a
continuous map (X; C(X ))→ (Y; C(Y )) is a map f :X → Y such that f−1(Z)∈C(X )
whenever Z ∈C(Y ). The category Cl of closure spaces and continuous maps is a
topological geometrical subcategory of Sp whose object S11 = ({0; 1}; {{1}; {0; 1}})
is an initially dense initially injective object de2ning the 1-sorted algebraic theory of
complete semilattices and a concrete isomorphism from Cl to the category of a1ne
sets over the complete meet semilattice 2.
5.6. PrOrd. The category PrOrd of preordered sets (cf. [1, Example 4:3]) is a topo-
logical geometrical category whose object 2 is an initially dense initially injective object
de2ning the 1-sorted algebraic theory of completely distributive complete lattices and
a concrete isomorphism from PrOrd to the category of a1ne sets over the completely
distributive complete lattice 2.
5.7. Equ. The category Equ has, as objects, the pairs (X;∼) of a set X and an equiva-
lence relation ∼ on X , and has, as morphisms from (X;∼) to (Y;∼), the maps f :X →
Y such that f(x) ∼ f(y) for any x ∼ y in X . It is a topological geometrical subcate-
gory of PrOrd whose object ({0; 1};=) is an initially dense initially injective object
de2ning the 1-sorted algebraic theory of complete atomic boolean algebras and a con-
crete isomorphism from Equ to the category of a1ne spaces over the complete atomic
boolean algebra 2.
5.8. PrOrdTop. The category of preordered topological spaces PrOrdTop has, as ob-
jects, the topological spaces equipped with a preorder and, as morphisms, the continu-
ous preorder preserving maps (cf. [9]). It is the product in TGC of Top and PrOrd,
hence a topological geometrical category. If S is the Sierpinski space equipped with
the indiscrete preorder, and 2 is the ordinal two equipped with the indiscrete topology,
then {S; 2} is an initially dense pair of initially injective objects of PrOrdTop de2ning
the 2-sorted algebraic theory T of frames and completely distributive complete lattices
and a concrete isomorphism from PrOrdTop to the category of a1ne sets over the
T-algebra (2; 2).
5.9. BiTop. Following [1, 4.F] the category of bitopological spaces BiTop has, as
objects, triples (X; T1; T2) where X is a set and T1 and T2 are topologies on X and has,
as morphisms, maps which are continuous for the 2rst topology and for the second
topology. It is the product of Top by Top in TGC hence a topological geometrical
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category. If S ′ (resp. S ′′) denotes the set {0; 1} equipped 2rstly with the Sierpinski
(resp. indiscrete) topology, and secondly with the indiscrete (resp. Sierpinski) topology,
then {S ′; S ′′} is an initially dense pair of initially injective objects of BiTop de2ning
the 2-sorted algebraic theory T of biframes and a concrete isomorphism from BiTop
to the category of a1ne sets over the T-algebra (2; 2).
5.10. MesTop. The category of measurable topological spaces MesTop has, as objects,
measurable spaces equipped with a topology and, as morphisms, measurable continuous
maps. It is the product of Mes and Top in TGC, hence a topological geometrical
category.
5.11. AfSet(Z). If T is the 1-sorted algebraic theory of commutative rings with unit
and L is the T-algebra Z, we get the topological geometrical category AfSet(Z) of
a1ne sets over Z which contains, as a full reCective subcategory, the category of
diophantian sets i.e. the sets of solutions of systems of diophantian equations in many
variables with values in Z.
5.12. AfSet(K). If T is the 1-sorted algebraic theory of commutative algebras with
a unit over a commutative 2eld K and L is the T-algebra K , we get the topological
geometrical category AfSet(K) of a1ne sets over K which contains, as a full reCective
subcategory, the category of a1ne algebraic sets over K .
5.13. AfSet(R). If T is the 1-sorted algebraic theory of C∞-rings [8] and L is the
T-algebra R, we get the topological geometrical category AfSet(R) of a1ne sets over
the C∞-ring R which contains, as a full subcategory, the category of smooth manifolds
with countable basis and smooth maps.
5.14. Set×I . If I is a complete lattice, the product category Set×I , equipped with the
2rst projection Set×I → Set, is a topological geometrical category whose objects (1; i)
with i∈ I form an initially dense set of initially injective objects, de2ning an I -sorted
algebraic theory T, a singleton T-algebra (1i)i∈I , and a concrete isomorphism from
Set × I to AfSet((1i)i∈I ). More generally, for any topological geometrical category
X, the product X × I is a topological geometrical category product of X by Set × I
in TGC.
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